We study the seismic response of an idealized 2D 'city', constituted by ten non equallyspaced, non equally-sized, homogenized blocks (i.e., buildings or groups of buildings) anchored in a soft soil layer overlying a hard halfspace. Our results display strong response inside the blocks and on the ground which qualitatively match the responses observed in some earthquake-prone cities.
A noticeable feature of many earthquake-prone cities such as Kobe 1 (Japan), Izmit 2 (Turkey), Nice 3 (France), Mexico City [4] [5] [6] , Los Angeles 7-10 etc., is that they are partially or wholly built on soft soil. A straightforward 1D analysis 11 (which takes no account of the presence of the buildings) shows that the soft layer increases the seismic vulnerability of the city in that it is responsible for amplification of ground motion during an earthquake.
However, the 1D model does not account either for the beating phenomena and very long codas in the building vibrations, nor for the large spatial variability of response, repeatedly observed in sites such as Mexico City 5, 6 .
To analyze the possible causes of these puzzling effects, we study the action of a seismic wave on a relatively-simple structural model with both geological and man-made features. Our 2D model has three components (from bottom to top in Fig.1 ): a hard half space (HHS), overlaid by a soft soil layer (SL), in which are partially imbedded a set of even softer blocks (SB). HHS and SL are geological features, the set of SB, which are homogenized for the purpose of the analysis (see fig.2 ), is man-made and constitutes the 'visible' component of an idealized city.
First consider the case in which the blocks are absent. Then the stress-free surface
(upper boundary of the soft layer constituting the ground) is a straight horizontal line (in Fig. 3 ), so that the configuration is the one to which the 1D analysis of the problem applies. In the SH polarization case, the modes of this 1D configuration are Love waves [12] [13] [14] which are only weakly excited by a teleseismic source and not at all by an incident plane seismic wave 12, 13 .
If, however, the HHS/SL interface is irregular (curved, rough) or the lateral extent of the SL is finite, the boundary irregularities or edges of the SL become diffractors, enabling substantial exitation of so-called quasi-Love modes (this term is employed when the HHS/SL interface is no longer a horizontal straight line). The result of this is that the field in the SL and on the ground becomes amplified (often more so than in the 1D model) at certain resonance frequencies (which are different from those of the Love modes) [13] [14] [15] [16] [17] [18] .
If the city is viewed as a non-interacting building/substratum system, the building motion is considered separately from, and to not influence, the motion of the substratum. The motion of the substratum (the latter can even be considered to be a quite complex structure 3, [7] [8] [9] [10] [11] ) is, in fact, viewed as being transmitted as such to the buildings by a forced vibration mechanism. The building motion is large when the (low) resonance frequencies of the building coincide with the (low) resonance frequencies of the substratum 19 . When there are several buildings in the city, they are usually thought to act independently of one another, and the ones that exhibit the largest motion are those whose (low) resonance frequencies coincide with the (low) resonant frequency of the substratum. The translation of this in the time domain is that some buildings will have motion: which is more ample than that of the ground (in the absence of the buildings), which varies from building to building (if these are different from one another), and which may last longer than that of the ground (in the absence of the buildings). Grossly speaking, this is what has been observed in the above-mentioned cities, so that the paradigm we have just described is the one that is usually implicit in attempts 3, [5] [6] [7] [8] [9] [10] 19 to describe and understand what is likely to happen when a seismic wave hits a city built on soft soil. Now suppose that the substratum (especially its irregularities) of the city is not known other than by the fact that it is thought to consist of a soft component of approximate (or average) thickness τ , wherein the density and shear wavespeed are approximately (or on the average) ρ and c respectively, overlying hard rock. To analyze the seismic response of this configuration, it would probably be most reasonable to model the latter as a horizontal constant-thickness layer with characteristic parameters τ , ρ and c overlying hard rock, but unfortunately, this gives rise (as mentioned in our introductory phrases) to a response that may be quite different from the observed response in urban sites such as Mexico City.
However, there is an aspect of the city that has not yet been taken into account and which is quite 'visible': the set of buildings (with foundations) of which it is composed. It is not unreasonable to expect these buildings, together with their foundations, to act in a manner similar to that of the previously-mentioned diffractors, thereby exciting quasi-Love waves (for SH polarization) which, assuming the substratum to still be of the 1D type, may lead, in the way described above, to shaking that is stronger, and of longer duration, in the buildings than on the gound (in the absence of the buildings) [20] [21] [22] [23] [24] [25] [26] [27] [28] , and vary from building to building if the latter differ from each other and have non-constant spacing. The purpose of this work is to demonstrate this fact. To do so, we solve the governing equations of linear elastodynamics relative to the complete configuration, i.e., the homogenized blocks together with the substratum. Note that this approach is different from the one used in publications such as
Refs. 19, 20, 24, 28 , wherein the buildings+foundations are considered either to be shear walls with rigid or flexible bases, or inverted pendulums attached to mass/spring/dashpot systems.
Basic ingredients of our approach
Referring once again to Fig.1 , the blocks of the city are connected to the substratum by an interface on which we assume the continuity of displacement and normal stress. These conditions are implicit when the heterogeneous medium, constituted by the half-space underneath the free surface, is considered to be a continuum. The governing equations, with or without the blocks, are those of linear elastodynamics for a heterogeneous, isotropic medium with upper stress-free boundary. When the blocks are present, the formerly-flat ground becomes the portions of the ground in between the blocks plus the boundaries of the blocks in contact with the air. In principle, it is not more difficult to solve numerically these equations for the configuration with blocks than the configuration without blocks. Of course, the computational effort is increased due to the additional degrees of freedom needed to model the motion of the blocks. The increase in computational effort is similar to the one that arises when the ground is flat and the substratum is considered to have some small-scale structure, such as in the most recent studies [7] [8] [9] [10] .
Our 'city' is invariant in the 3 x -direction with
being the cartesian coordinates, and 2 x increasing with depth (see Fig. 3 wherein the component of this field is non-vanishing and invariant with respect to 3 x , so that the total field underneath and on the free surface is also SH-polarized and invariant with respect to 3 x .
The resulting problem is now 2D with the displacement field depending only on 2 1 , x x and on time t. In Fig. 3 In addition to the configuration being 2D, no intrinsic medium losses are taken into account. Furthermore, the blocks are considered to be homogeneous, this meaning that their space-independent elastic parameters are chosen so that the average response in a given homogeneous block is approximately equal to that of the corresponding heterogeneous block (see fig. 2 ). This assumption was made in most previous studies of the seismic response of city-like configurations [20] [21] [22] [25] [26] [27] [28] . However, this homogenization procedure is not essential to our method of computation and will be modified in subsequent studies to take more precisely into account the structural detail of the blocks (and of the individual buildings of which they are composed). The impact of the no-loss assumption on the overall response is wellknown 27 : both the intensity and duration of shaking in the buildings and on the ground is reduced in proportion to 1 − Q , with Q the quality factor which is infinite when the media are lossless. In Ref. 24 , 2D models are considered to overestimate radiation damping and thus underestimate the intensity of ground motion, but there is no unanimous opinion about this issue. The only way to find out if this is true in the present case is to carry out the timedomain computations for a 3D city (with buildings included explicitly). This is presently beyond the state-of-art (at least with the computers at our disposal), although it has been done to some extent, with simplified models of building motion 26, 28 . It is encouraging to note that the investigation in Ref. will be necessary to carry out a statistical analysis, which will evaluate the influence on the response of various distributions of block sizes and compositions, aspect ratios and separations, as well as of source types and locations and substratum geometries and compositions. Furthermore, 3D geometries, blocks decomposed into series of buildings, and realistic attenuations in the blocks and substratum will have to be taken into account in future studies.
Methods
The wave equation in linear, isotropic, heterogeneous solids is:
wherein the Einstein summation convention is implicit and all symbols (i.e., 
Consequently, (1) reduces to the equation
whose vectorial expression is:
in which ) , (
This equation is second-order in terms of t and an outcome of two equations, one of which expresses conservation of momentum, and the other is the constitutive relation of an isotropic, elastic medium. A rearrangement of these equations enables them to be cast into the form of the following two first-order-in-time equations:
wherein t ∂ v is related to the non-zero components of the stress tensor. It is easy to verify, that taking the divergence of (5), the time derivative of (6), and subtracting the two equations so obtained, leads to (3) provided that
The problem is to solve (3) for 2 R x ∈ and + ∈ R t subject to an initial condition, a radiation condition (the waves must be outgoing from the source and free surface boundary) and the free surface boundary condition
which expresses the fact that the normal component of stress vanishes on the interface Γ between the city (portions of the boundaries of the blocks in contact with air, plus the ground in between blocks) and the ambient air (assumed to be a vacumn, with n the unit vector normal to Γ ). Rather than deal with the single second-order-in-time scalar partial differential equation (3), we chose to solve the mixed first-order-in-time system of equations (5)- (6) it can be coupled with the fictitious domain method 29, 30 for taking into account the free surface boundary condition. Secondly, it enables us to model wave propagation in infinite domains, the case of interest here, by using the Perfectly Matched absorbing Layer (PML) 31, 32 . Note that the PML leads to the elimination of reflections from fictitious boundaries such as those which occur in Ref. 18 . The fictitious domain method consists in extending the wave propagation problem in a domain Ω with simple geometry (typically a rectangle in 2D), which enables the use of regular meshes. The free surface boundary condition is then enforced with the introduction of a Lagrange multiplier. This new unknown lives only on the free surface and can be discretized with a non-uniform mesh, different in general from the mesh in the rest of the computation domain (see Fig. 4 ).
For the space discretization we use a finite element method, whereas for the time discretization a centered second order finite difference scheme is used. The finite elements are compatible with mass-lumping, which leads to explicit time discretization schemes. For the velocity, we use a new finite element method 33, 34 and for the pressure we use The pulse associated with the incident wave is created by a line source of the form
where r is the radial coordinate in the sagittal plane. More precisely we take,
In the above relations 
The subsurface configuration and excitation are the same in the presence and absence of the blocks (other authors [35] [36] [37] have previously employed the denominator of these ratios to quantify ground motion in urban and other areas).
To give a measure of the strength of ground shaking, we introduce the index 
Results
The snapshots of the modulus of the total displacement field in Fig. 6 pertain to the case in which there are no blocks in the city. As mentioned in the introductory remarks, one does not expect the Love modes to be excited to any great extent when the source is far from the layer. This is what is actually observed in Fig. 6 since the displacement field in the soft layer is not typical of that of a Love mode. which is seen to give rise to rather large response not only in the blocks, but also on the ground, and in the layer (as for the excitation of a pure Love mode). This was also observed in
Ref. 25 for a periodic distribution of identical blocks. Here, the variable spacing, irregular sizes and aspect ratios of the blocks spoil the regular standing wave pattern of a pure Love mode or of a quasi-Love mode relative to a periodic structure. Moreover, two successive blocks act in a manner similar to that of the edges of a basin 5, 6 (absent in our model since the lateral extent of the layer is infinite). Indeed, they constitute diffractors whereby Love waves are locally generated, which then presumably travel back and forth in between pairs of blocks, thus resulting in some degree of coupling of the motions of the blocks via the soil so as to result in a duration of the shaking inside the blocks which is apparently longer than the one observed in the one-block configuration (this is substantiated more quantitatively in figs.
10 and 11). Note that the distance between these diffractors (i.e., blocks) is small (several tens of meters) compared to that (of the order of several kilometers) between the edges of the basins which were the object of the studies in Refs. 5 and 41 wherein the interference of waves originating from basin edges was disqualified as being the possible cause of the enhanced effects of seismic response in sites such as Mexico City. A more mathematicallyoriented explanation of effects similar to those shown here can be found in Refs. 12,38.
The time records corresponding to figs. 6-8, which are presented in figs. 9-11, call for the following comments.
(i) In fig. 9 it is seen that the configuration with or without the single block produces a response with a relatively short (~1 min ) duration, this being due essentially to the predominance of radiation damping. This response is not typical of responses in sites in cities such as downtown Mexico City where there exists a rather high density of multiple-story structures and several high-rise buildings. Nevertheless, one aspect of observed response at these locations is present in this figure: the peak motion of the block is larger (here, by a factor of the order 1.8) than the response on the ground in the absence of the block, presumably due to block/soil interaction, i.e., the coupling of the rigid base block mode resonances with the Love mode resonances 12, 38 .
(ii) In figs. 10-11, it can be observed that new effects, related to duration lengthening and beating, make their appearance in the response of the 10-building configuration. The duration is much longer than the previous 1 min at certain locations of this 'city', attaining of the order of 3 min, a remarkable figure considering that the input pulse duration is only a few seconds. Collective causes such as interference and block/soil/block interaction 12, 38 dominate during the first few minutes of shaking and radiation damping dominates the response during the later phase.
(iii) The peak amplitude of block response is not systematically larger at locations of the 10-block city than in the one-block configuration, but the generally-longer duration of response in certain blocks of the 10-block city makes these blocks more vulnerable than the isolated block (due to the fact that the vulnerability index is greater in these blocks than in the isolated block).
(iv)
The cumulative response at the top of the blocks varies significantly from one building to another, corresponding to vulnerability indices ranging from ~1.2 to ~6.7
for the ten-block set, which suggests that some of the blocks may suffer severe damage, while others will go unscathed, as a result of an earthquake in a city such as this one. velocities and spatial variability, of observed response, differ from those of the predictions 3, 8, 10, 40 . This is possibly due to the fact that the fine structure of the substratum is unknown. Another plausible hypothesis is that small-scale irregularities on the free surface and on the interface between the foundations and the soft soil, introduced by the existence of buildings in a city, may contribute significantly to the overall motion of the site.
We have tested this hypothesis using a simple 1D-like model of the substratum, a fairly-realistic model of the buildings (modeled as homogenized blocks) in a city, and a comprehensive wave/structure interaction model, i.e., one that can account for many degrees of freedom of motion of the blocks and soil (although constrained to anti-plane motion in an elastic medium), as well as for all block/soil and block/soil/block interactions. An example of ten different non equally-spaced blocks indicates that the latter play an essential role in exciting a quasi-Love mode which, when coupled to the modes of the blocks, make these blocks shake with relatively large amplitude over a very long period. These couplings are surely mediated by block/soil/block interactions and interference effects so that it is not appropriate to base a description of the seismic response in a city on that of only one of its components (i.e., a single block). On the other hand, the explicit inclusion of more than one buildings into the theoretical model reduces the risk of not accounting for the collective effects that are apparently an essential ingredient of the earthquake responses in an urban area.
A similar conclusion was proposed in Refs. 25 and 28. Also, a series of other numerical results not shown herein, obtained by our numerical scheme, has shown that the collective effects of beating, spatial variability, very long durations associated with large vulnerability indices, at certain ground and block locations, are also present in the seismic response of quasi-periodic cities (i.e., ones with the same set of dissimilar blocks as previously, but whose spacing is constant ) for blocks whose (constant) spacing ranges from 30 m to 120 m. This gives further support to the hypothesis that the anomalous seismic response in cities built on soft soil is largely due to the presence of the (many) buildings therein, whatever (within reasonable limits) be the sizes, aspect ratios and separations of these structures.
These findings will have to be substantiated by further computations with continuum or other exact models to account for viscoelastic effects, in-plane motion, and 3D cities. In addition, it will be necessary to examine to what extent anomalous response is affected by the location and type of seismic source as well as by the duration of the pulse radiated from this source. Work along these lines is in progress in our laboratory and will be the subject of forthcoming publications. plane. In this plane, a given block appears to be heterogeneous, due to its composite nature. In the analysis, each block is homogenized, i.e., replaced by a homogeneous block which gives rise to approximately the same average response as that of the heterogeneous block. 6. Time is measured in seconds.
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Fig. 9 Time records of total particle velocity for a 'city' with only one block (h=50m, w=30m). The two curves correspond to the particle velocity at ground level in the absence of the block (solid curve; same configuration as in fig. 6 ) and at the center of the top of the block (dashed curve; same configuration as in fig. 7 ). 
